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Abstract
Inthispaperwestudyarelaxationforthemultiple-choiceknapsack
problem.Intheliteraturethelinearprogrammingrelaxationisutilizedfor
solvingtheproblem,however,therelaxationdoesnotworkinaparticul4r
casewheretheprofitisequaltotheweightonallitems.Focusingonthis
issue,anattemptismadetodevelopanotherrelaxationwhichwillwork
especiallyinthehardcase.
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1 Introduction
TheMultiple-ChoiceKnapsack(MCK,fbrshort)problemwasproposedby
Nauss[10],andtheproblemhasbeenintensivelystudiedinthelasttwo
decades.TheclassicalO-1knapsackproblem(KP,forshort)istopack
itemsintoaknapsackofweightlimitsothatthetotalprofitofthepacked
itemsismaximal.Furthermore,onMCK,allitemsaresplitintoseveral
classessothatanypairoftheclassesismutuallydisjoint,andweshould
selectjustoneitemineachclassrespectively.TheMCKisfbrmulatedas
fbllows:
〔239〕
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maxlmlze
subjectto
Σ Σヵ絢
ゴ∈Mノ ∈Ni
Σ Σw、 」Xiゴ≦6
i∈Mゴ∈Ni
Σ.v,ゴ=1,i∈M
ゴ∈Ni
砺 ∈{0,1},i∈M,ブ ∈N,・,
(1)
(2)
(3)
(4)
whereM:={1,2,...,m},andthem(≧2)indicatesthenumberofclasses.
Asmentionedpreviously,anypairoftheclassesハ1・(i∈M)ismutually
disjoint.Throughoutthispaperwecalltheconstraint(3),whichispeculiar
toMCK,multiple-choiceconstraint.Inadditiontheprofitpijandweightwij
ofanyブー thiteminanyclass.〈Ti,andthecapacitycarepositiveintegers.
Withoutlossofgeneralitywewillassumethat
Σminw、j<ら Σmax砺>c,andΣmin{酬maxρ 、ノ}>c
ゴ∈〃 ゴ∈Nii∈Mゴ ∈Nii∈Mゴ ∈Ni
inordertoexcludeaninfeasibleproblem,atrivialproblemandaproblem
solvableinlinearcomputingtimef6roptimality,andthat
砺+Σmin鞠 ≦c
k∈M,k≠il∈Nk
f()ranyi,ブinordertoexcludeanunpromisingitem.Inadditiononthe
cardinalityofeachclassハ1・,whichwedenotewithINil,wewillassumethat
themaximalcardinalityoftheclassesisgreaterthantwo,becauseMCKcan
bereducedtoKPnotinthecase.Alsoin[10]thefollowingtheorem,which
isalittlemodified,ispresented.Itisef丘cienttoreduceMCK(seeSinha
andZoltners[12],TABLEHinp.511).
Theorem(Nauss)Ifpij、>pij、and
solutiontoMCK.
吻1≦ 吻 、holds,thenxij,=Oinanyoptimal
Pro①f.Assuminganoptimalsolutioninwhichxij,=1,wecahshowacon一
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tradictiontotheoptimalitybyreplacingxij,=0,吻2=1with吻、=1,
rij、=Ointhesolution,keepingthefeasibility.■
Inwhatfollows,bythistheorem,wewillassumethatthereexistnotwo
itemssothateachofthemhasthesameweightineachclass.
OnMCK,theIinearprogrammingrelaxation(alsocalledcontinuous
relaxation)inwhichtheintegralitycon.straint(4)isrelaxed,thatis,replaced
withO≦ 吻fbralli,ブiswell-used.WecalltheresultingproblemLinear
MCK(LMCK,forshort)problem.Intheliterature,e.g.[12]1,Armstronget
al[1]2,Dyeretal[6],Dudzi血skiandWalukiewicz[4】,andPisinger[11】3,the
LMCKisutilizedfbrsolvingMCK.Thefollowingpropositionisef且cientto
reduceLMCK.
Proposition(SinhaandZoltners)Assumethat%1<%、<pij,and吻1<
ωが2<wij,・If(pij、-lbij,)/(zo〃,-zo〃2)<(Zbij、一。ρ 3 / zoが、-zoが3)holds,then
xij、=OinanyoptimalsolutiontoLMCK.
Proof.See【121.
Fromthisiff6110wsthattheoptimalsolutionofLMCKconsistsoftheonly
itemwhichformsanupperconvexboundaryineachclass(see[ll],Fig.1in
p.396).且ereafterweassumeforsimplicitythatallitemsaresortedin
ascendingorderoftheweightineachclassrespectivelysothat
Wi1<Wi2<…foranyi∈M.
OnLMCK,afterexcludingunpromisingitemsbyProposition,weknow
thatfindinganoptimalvalueisequivalenttofindinganoptimalslOpe
靭=(ρ 昭+1-%)/@ぢ,ブ+1-zoガ)satisfyingB7+wi」'≦c〈W+wi,ブ+1,where
口7=Σk≠i{wk ,1+11minsk、≧s夢∫ん1}.Ifthereexistsnoslopegreaterthanor
llnp
.508,thepq+1inStep3shouldbereplacedwithpq+1.
21np
.189,thep(q)inStep6shouldbereplacedwithP(q),andthel-xq,p(の+1
inStep7shouldbereplacedwith1-xq,p(q)+1.
31np
.397,theH7+ωガ>cinStep2shouldbereplacedwithア 「+勿 ガ ーwi,ブ_1>c.
Also,inp.401,the{1,...,llIinStep5shouldbereplacedwith{1,...,li},
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equaltosがnsomeclassNkthenwetakewklintheclassforア区Oncethe
optimalslopeisfound,theoptimalvalueiseasilygainedas
黒 レ・'・・、鵯 、・・1}+ρ ・(W十Wi,ゴ+1-C)十 」Pi,」+1(C-W一砺 ゴWi,ゴ十1一ω`ブ)・
(5)
wherethefirsttermistheonethatwisreplacedwithpinJ7V.Herewe
wouldliketoaddthat,aspointedoutin[10],theLagrangiandualproblem
(seeFisher[7])ofMCKinwhichtheconstraint(2)isdualized,thatis,relaxed
byplacingitintotheobjectivefunction(1)isequivalenttoLMCK.Namely
theoptimalLagrangemultiplieriscorrespondingtotheoptimalslope.
OnKP,itiswel1-knownthataparticularconditionontotheitems
inducesacatastrophicbehaviorofthemethodsforKP(see,e.g.Chapter4in
MartelloandToth[8]).TheKPwiththeconditionisespeciallycalled,
、subset-sumprobleminwhichthereexistsonlyonetypeofitemtobepacked
intotheknapsack.Here,onMCK,weconsiderthecondition,i.e.
Pi」=:吻foralli∈M,ブ ∈Ni. (6)
Hereafterwecallthecasewherethecondition(6)holdsonMCKsubset-sum
case.Inthesubset-sumcase,noef丘cientupperboundisderivedfrom
LMCKsincetheoptimalvalueofLMCKisjustc,whichissimilartothe
behavioroftheDantzigupperboundfbrKP(Dantzig[2]).Moreover,in
suchacase,noitemcanbefathomedbyNauss'Theorem.Thereforethe
reductionofMCKinordertogainamoresmall-sizedandequivalent
problemisnoteffective.ThusthemethodshithertoproposedforMCKwill
nodoubtshowpoorperformanceinthesubset-sumcase.Forinstance,
computationalexperimentsofapplyingarecentmethodtotheMCKwith(6)
arepresentedin[11].
Ontheotherhand,Dyer[51solvesLMCKbymeansofthedualproblem
ofit.Bythedualitytheorem,however,itshouldalsoproduceanoptimal
valueegualtoacapacityinthesubset-sumcase.且erewewouldliketo
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addthatthedualproblemisequivalenttotheLagrangiandualproblem
dualized(2)aspointedoutin[4](seeeachdefinitionofv(MD)andv(ML(u))).
Roughlyspeaking,forMCK,thelinearprogrammingrelaxation,theLagran-
giandualproblemandthedualproblemarethesameeachother.InSection2
wewillpresentauniquerelaxationforMCK,anddigupitscharacteristics.
Inthefinalsectionwediscusstwotopicsfbrfutureresearch.
2AnotherrelaxationforMCK
Inthissectionwefirstpresentaconstraintequivalenttothemultiple-choice
constraint(3)intheMCK(1)一(4),andsecondpresentarelaxationbasedon
theequivalentconstraint.
IntheformulationofMCK,except(4),onlythemultiple-choiceconstraint
isnotofaformincludingΣi∈M2」∈Ni..Thenwedeviseaconstraintofsuch
aform:
羅4卜 ・炉r・wh・・e囎 翌1瓦1・・一 告 ・(7)
Notethatd>2asmentionedpreviously.Theequivalencybetweenthe
constraint(3)and(7)inMCKisprovedasfollows(weshowonly(7)⇒(3)):
Proof.Weassumethatthehypothesisholdsinthecasewheremコk.
thecasewherem=k+1,supposethat】ら ∈、Nk+1xk+1,ブ=0.Then
(d-1)+d(d-1)+…+dk-1(d-1)ニdk-1<dk.
In
ThereforeweshouldtakeatleastoneitemintheclassIVk+1.
AlsosupposethatΣブ∈Nk、lxk+1,ブ=2.Then,onNl,N2,_,Nk+1,the
suniofdi-1f6r1≦i≦k+1is
dk_11
+d+d2+…+dk=+dk<2dk-1<2dk. 、d-1
且encewecannottaketwomoreitems.inIVh+1.■
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Bythis,wehaveanotherformulationofMCKasfollows:
maXlmlze
subjectto
Σ Σ ρ幽 ゴ
iEMゴ∈Ni
Σ Σ 助絢 ≦o
iεMゴ∈」Vゴ
Σ Σ ♂-1砺=r,d=max國,
ゴ∈Mゴ ∈Nii∈M
Xiブ∈{0,1},i∈M,ブ ∈N,・.
NowwepresentarelaxationfbrMCKby(2)+(7):
maximize
subjectto
?
?
?
?
(8)
Σ Σ ρ、ゴ銑ゴ
iEMj∈Ni
Σ Σ(Wiゴ+di-1)砺≦c+r
i∈Mゴ∈Ni
Σ Σx,ゴ=〃z
i∈Mゴ∈Ni
砺 ∈{0,1},i∈M,ブ ∈N,・,
(9)
wherethedandrarethesameasthosein(8)respectively.Thisproblemis
aKPwithanadditionalconstraintonthecardinalityofanoptimalsolution.
Althoughtheadditionalconstrainthasbeenhiddenbehind(7)sofar,it
shouldbemadeexplicit,thereasollforwhichwillbeshowedafterward.
Inthesubset-sumcase,theproblem(9)willbeahardinstanceofKPin
whichtheprofitsandweightsarestronglycorrelated.Moreovertheprob-
lem(9)isnottractableinrecentcomputersystemsevenifa64-bitprocessor,
becausethenumeficaldataappearedin(9)aretoolarge,especiallythedMis.
Thesizeofaproblemtractablebyourrelaxationwillbeatmostd==m=10
ina32-bitprocessor.Still,inthesubset-sumcase,theproblem(9)seemsto
bebetterthanLMCKsincetheprofit-to-weightratiooftheitemsisnotcon-
stant.Inthef6110wingweprovideseveraltinysubset-sumexamples
伽=2,d=3)toobservehowourrelaxationbehaves.
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Example1.Letw11コ2,〃12=5,w13=6inハTl,zo21=3,w22=5,zo23=8
inノ〉含,andc=12.
Inthisexamplethecapacityis6+1+d=16.Thenanoptimalvalue
lllessthanoisfavorablygainedbyxl2=x13霊1andother∬ ガsare
zero(alsogainedbyx13=x22=landother毎sarezero).Weremark
thatifweexcludetheconstraintonthecardinalityofanoptimal
solution,anoptimalvalue13isobtainedbyxll=x12=x13=1.
Hereisanadditionalremarkthat,inthecasewherethetwoclassesare
exhanged,anoptimalvalue13isobtainedbyx12=x13=1.Our
relaxationthusdependsontheorderofclasses.Moreoverthisimplies
thatourrelaxationwillproduceaproblemofanoptimalvaluegreater
thanacapacityinsomecases.
Examp豆e2.Letwll=5,w12=10,w13=18inハzl,w21ニ4,w22=11,w23
=16inN2 ,andc=24.
Thecapacityis28,andanoptimalvalue23isgainedbyxll=x13=1.、
Inthecasewherethetwoclassesareexchanged,anoptimalvalue22is
gainedbyx11==x23=1.
Example3.Letwl1=1,w12=4,zo13=5inハ11,〃21=1,w22=3,zo23=6
inN2,and{♪=7.
Thecapacityis11,andanoptimalvaluegisobtainedbyxi2=x13=1.
Inthecasewherethetwoclassesareexchanged,thesameoptimal
value9isobtainedbyx12=x13=1.
AsimpliedbyExample3,theproblem(9)willnotworkinthecasewhere
boththemanddareevenlarge,becausewecanselectitemsoffairlylarge
weightfromNi'sofsmalliwithoutexceedingtheenlargedcapacity.Thus
ourrelaxationisnotpracticalingeneral,however,atleastitshowsthat
thereexistsarelaxationwhichwillproduceaproblemofanoptimalvalue
notequaltoacapacityagainstthesubset-sumcase,incontrasttothelinear
programmingrelaxation.
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3Notes
Inthissectionwewouldliketoaddtwotopics:First,wepresenta
constraintalsoequivalenttothemultiple-choiceconstraint,whichisf6rmu-
1atedasf6110ws:
器 農 ・一〆・wh・1・d一響1斑1,〆-f'rr・劣窪 、1・
WiththisconstraintwecanconsiderarelaxationforMCKbythesameway
astheonefor(7),however,theresultingproblemwillhavethesamedefects
as(9).Moreovertheproblemwillhavestillanotherdefectinexchangefor
theintractability,i.e.theaccuracyofcomputing.
Second,wecanalsoconsiderLagrangianrelaxationf6rtheMCK(8)in
whichtheconstraint(7)isdualized:
Z(R)=maxΣ Σ(PiゴーRdi"')Xij+λr
xi∈Mj∈Ni
Σ Σ"繊 ゴSc(1①subjectto
i∈Mノ∈Ni
∬`ゴ∈{0,1},i∈M,ブ ∈ 〈li,
whereλisaLagrangemultiplierwithoutrequirements.Thisproblemisa
KP,however,itwilltendtobeahardinstanceespeciallyinthesubset-sum
case.RecentlyanefficientalgorithmforahardKPwasdevelopedby
MartelloandToth[9],anditwillbepromisingtosolve(10)whenIλ1《1.
Ontheproblem(IO)howwefindanappropriateλsothatitmakesz(λ)
small,whichisanissueweshouldaddress.Notethatitshouldbebestto
findaλwhichminimizes2(λ)ifpossible,whereastheresultingproblemis
nottractableintherecentcomputersystemsinthecasewhereIλIislarge.
Fromapracticalpointofview,itispreferablethatIλ1《1.Also,inthe
eventthattheproblem(10)withanappropriateλdoesnotgiveatightupper
boundforMCK,theconstraintonthecardinalityofanoptimalsolution,
whichisappearedin(9),wouldbehelpfultoimprove⑩.
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